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We analyze a class of entangled states for bipartite d⊗ d systems, with d non-prime. The entangle-
ment of such states is revealed by the construction of canonically associated entanglement witnesses.
The structure of the states is very simple and similar to the one of isotropic states: they are a mix-
ture of a separable and a pure entangled state whose supports are orthogonal. Despite such simple
structure, in an opportune interval of the mixing parameter their entanglement is not revealed by
partial transposition nor by the realignment criterion, i.e. by any permutational criterion in the
bipartite setting. In the range in which the states are Positive under Partial Transposition (PPT),
they are not distillable; on the other hand, the states in the considered class are provably distillable
as soon as they are Nonpositive under Partial Transposition (NPT). The states are associated to
any set of more than two pure states. The analysis is extended to the multipartite setting. By an
opportune selection of the set of multipartite pure states, it is possible to construct mixed states
which are PPT with respect to any choice of bipartite cuts and nevertheless exhibit genuine mul-
tipartite entanglement. Finally, we show that every k-positive but not completely positive map is
associated to a family of nondecomposable maps.
PACS numbers:
I. INTRODUCTION
Entanglement is a resource required in many task typ-
ical of the fields of quantum information and quantum
computation [1, 2], like quantum teleportation [3] and
superdense coding [4]. While there is a clear definition
of what an entangled state is [5], it is in general difficult
to determine whether a given state is entangled or not.
Correspondingly, the structure of the space of states, as
classified with respect to the entanglement property, is
still a central issue of investigation. Moreover, in the mul-
tipartite case the picture is even more complicated, since
it appears that there are qualitatively different kinds of
entanglement [6].
We remark that the study of very specific and simply
parametrized classes of states, typically satisfying some
symmetry (like Werner states [5] or isotropic states [7]),
has always turned out to be very useful to improve our
understanding of the entanglement phenomenon and of
the geometry and properties of the set of states. In this
paper we provide examples of states that, despite a sim-
ple structure, exhibit interesting properties both in the
bipartite and multipartite setting.
One of the means to investigate the entanglement of
states is based on the use of linear maps [8, 9] which are
positive (P) but not completely positive (CP): we shall
refer to them as PnCP maps. A map is P if it transforms
any state into another positive operator. It is moreover
CP if also its partial action on a subsystem of any larger
system gives rise to a P map. In the case of a bipartite
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system, a state is entangled if and only if there exists a
PnCP map such that the operator obtained acting with
the map on only one of the two subsystems is not positive
any more. The simplest example of PnCP map is the op-
eration of transposition T (with respect to a given basis).
The action of transposition on one of the subsystems is
called partial transposition (PT) and is also known as the
Peres-Horodecki criterion [8, 9]. In the bipartite 2⊗2 and
2 ⊗ 3 dimensional cases, PT can “detect” all entangled
states: only states that develop negative eigenvalues un-
der PT (NPT states) are entangled. In higher dimensions
there are states which are positive under partial transpo-
sition (PPT) even if entangled. The latter states have
the interesting property that their entanglement cannot
be distilled (see [2] for a review), thus it is considered to
be “bound”.
Beside partial transposition, there is another easily-
computable entanglement criterion, realignment [10, 11].
Both PT and realignment are part of the larger family of
permutational criteria [12, 13], and they constitute the
only two independent criteria of such type in the bipartite
scenario. It must be remarked that realignment (i) is not
related to a positive linear map and (ii) can detect some
PPT bound entangled states.
If we want to use linear PnCP maps to detect PPT
bound entangled states, it is necessary to use PnCP maps
that are not decomposable, i.e. that cannot be written
as the sum of a CP map and a CP map composed with
transposition. Indeed, the study of P maps is strictly
related to the study of entanglement, the link being pro-
vided by the Choi-Jamio lkowsky isomorphism [14, 15].
It was proved that every entangled state is useful for
tasks that it would be impossible to perform classically
[16]; in this sense bound entanglement can be “acti-
vated” [17]. Quite interestingly, it was found that PPT
2bound entangled states provide probabilistic intercon-
vertibility among multipartite pure states, which are not
interconvertible by Local Operations and Classical Com-
munication (LOCC) alone [18, 19].
The first explicit examples of a PPT entangled states
were given in [20], and, since then, many other examples
have been found [21, 22, 23, 24, 25]. It has been shown
[26] that most of these states are part of a same family
of PPT – but not a priori entangled – states. A first
systematic method to construct PPT bound entangled
states was proposed in [27], and is based on the concept
of unextendible product basis.
In the present work we first consider a class of bipar-
tite d⊗d states, with d a non-prime dimension, which are
constructed/described by a given set of pure states and a
mixing parameter (a probability). Given two states ψ(1)
and ψ(2), in a d1 ⊗ d1 and d2 ⊗ d2 Hilbert space, respec-
tively, we consider the set of mixed states parametrized
by the mixing parameter p
ρp(ψ
(1), ψ(2)) =
1− p
(d21 − 1)(d22 − 1)
(1− Pψ(1))⊗ (1− Pψ(2))
+ pPψ(1) ⊗ Pψ(2) , (1)
where Pψ(i) is the projector onto state ψ
(i). We will see
that, for almost any choice of ψ(1) and ψ(2) entangled,
there exists a pΓ > 0 such that ρp is PPT entangled for
all choices of p < pΓ. The structure of these states can be
considered very simple in comparison to the PPT bound
entangled states already known in literature. The class
is a generalization of states already appeared in [18, 19],
where it was proved that some states in the class, even
though PPT, are entangled, because they allow opera-
tions that are impossible by LOCC. In our case, we prove
that they are entangled by constructing canonically asso-
ciated entanglement witnesses. Moreover, we show that,
for almost all choices of the involved pure states and for a
suitable range of the mixing parameter, the states are en-
tangled but detected by neither partial transposition nor,
in the bipartite case, realignment. This class of states is
naturally rich. Furthermore, it can be verified by direct
inspection that it is not contained in the class described
in [26], thus is contributes effectively to the variety of the
known PPT (entangled) states.
We also study the multipartite setting, to which the
family of states can be naturally extended [18, 19]. It is
possible to show [18] that these states can be PPT en-
tangled with respect to every bipartite cut. As in the
bipartite case, this is proved by associating to each state
a canonical witness. Furthermore, we find conditions for
which the states contain genuine multipartite entangle-
ment, and show that it is possible to have a genuinely
multipartite entangled state which is PPT with respect
to any bipartite cut. Finally, we relate the properties of
k-positivity and nondecomposability of linear maps (to
be defined in the following), and show that even a decom-
posable map can become useful to detect PPT entangled
states just by considering its trivial extensions.
The paper is organized as follows. In Section II we
provide definitions and basic notions. In Section III we
introduce the basic set of states of interest, involving the
choice of two pure states, and in Section IV we associate
to them canonical witnesses. In Section V we discuss par-
tial transposition and realignment and in Section VI we
generalize the construction of the class of states relating
it to the choice of a set of M ≥ 2 pure states. Section
VII is devoted to some considerations regarding the con-
struction of the canonical witnesses. In Section VII the
multipartite setting is studied. In Section IX, starting
from considering tensor-like witnesses, we provide a gen-
eral theorem relating the properties of k-positivity and
nondecomposability.
II. DEFINITIONS AND BASIC NOTIONS
A d-dimensional system is associated to the Hilbert
space Cd, and operators on such system are described by
the algebra of d×d matrices with complex entriesMd. A
state ρ corresponds to a normalized (Tr(ρ) = 1) positive
semidefinite (ρ ≥ 0) matrix. We will denote (normalized)
vectors in the Hilbert space by |ψ〉 or ψ, and the projector
onto the pure state ψ by Pψ = |ψ〉〈ψ|.
A. Entanglement and separable states
A bipartite system AB is associated to a tensor-
product Hilbert spaceHAB = HA⊗HB. A pure bipartite
state ψAB is entangled if it is not factorized, i.e. not of
the form ψAB = ψA ⊗ ψB. A bipartite mixed state ρAB
is separable if it can be written as a convex combination
of factorized states
ρAB =
∑
i
piPψi
A
⊗ Pψi
B
, pi ≥ 0,
∑
i
pi = 1, (2)
otherwise it is entangled.
More in general one can consider N -partite systems,
that are associated to tensor-product Hilbert spaces of
the form
⊗N
i=1Hi, where Hi is the Hilbert space associ-
ated to system i. In this case it is possible to study the
separability issue with respect to different groupings of
the parties. A pure N -partite state ψN is k-separable if
it can be written as a tensor product of k states, i.e. as
ψN =
⊗k
i=1 ψSi , with Pk = {Si}ki=1 a partition of the
parties in k subsets. In particular, ψN is biseparable if
ψN = ψS1 ⊗ ψS2 . A pure state is k-partite entangled
if it cannot be written as the tensor product of states,
each of which pertains to less than k parties. Similarly, a
mixed state is k-separable if it can be written as a convex
combination of k-separable pure states. The k-partition
need not be the same for all the k-separable pure states
entering in the convex combination; if all the pure states
can be chosen to be k-separable with respect to the same
3partition Pk, we say that the state is k-separable with
respect to the partition Pk. In particular, we say that
a state is biseparable if it is 2-separable, and that it is
separable along a cut S1 : S2 if it is 2-separable with re-
spect to the partition {S1, S2}. A mixed state is k-partite
entangled if every possible convex decomposition of the
state contains at least a k-partite entangled pure state.
Notice that a N -partite state is biseparable if and only
if it is not N -partite entangled. Any result valid in the
bipartite setting can be applied to the multipartite case
when considering a given cut.
In the bipartite case, any pure state ψ can be written
in its standard Schmidt decomposition:
|ψ〉 =
r∑
i=1
µi|iA ⊗ iB〉,
where µi > 0,
∑r
i=1 µ
2
i = 1, are the Schmidt coefficients,
r ≤ min(dA, dB) is the Schmidt rank (or number) and
|iA(B)〉 are orthogonal states (i.e. they can be extended
to an orthonormal basis). We say that a bipartite density
matrix σ has Schmidt number k if (i) for any decompo-
sition {pi ≥ 0, φi} of σ, i.e. σ =
∑
i pi|φi〉〈φi|, at least
one of the vectors φi has at least Schmidt rank k and (ii)
there exists a decomposition of σ with all vectors {φi} of
Schmidt rank at most k [28].
B. Partial transposition and realignment
We recall now the two separability criteria which we
will use in the following and which are based on the
reordering of the entries of the density matrix: partial
transposition [8, 9] and realignment [10, 11]. Given a
bipartite density matrix ρ =
∑
ijkl ρij,kl|ij〉〈kl| the lin-
ear operations of partial transposition and realignment
are defined as follows. Partial transposition (with re-
spect to the first system) corresponds to the reordering
(|ij〉〈kl|)ΓA = |kj〉〈il|, and realignment to R(|ij〉〈kl|) =
|ik〉〈jl|. It is immediate to see that, if a state is sepa-
rable, then both ‖ρΓAAB‖1 ≤ 1 and ‖R(ρAB)‖1 ≤ 1 must
hold, with ‖X‖1 = Tr
√
X†X the trace norm of X . The
condition ‖ρΓAAB‖1 ≤ 1 is equivalent to requiring that ρAB
stays positive under partial transposition, i.e. ρΓAAB ≥ 0.
As regards partial transposition, we note that for
any bipartite state |ψ〉 = ∑j µj |ii〉 (here written in its
Schmidt decomposition), we have
(|ψ〉〈ψ|)Γ =
∑
j
µ2j |jj〉〈jj|
+
∑
j>i
µiµj(|ψ+ij〉〈ψ+ij | − |ψ−ij〉〈ψ−ij |), (3)
with |ψ±ij〉 = (|ij〉 ± |ji〉)/
√
2, and where partial trans-
position was operated in the Schmidt basis. The eigen-
values of (|ψ〉〈ψ|)Γ are λi0 = µ2i , for i = 1, . . . , d, and
λij± = ±µiµj , for j > i, corresponding to Schmidt-
rank-one eigenstates |ii〉 and Schmidt-rank-two eigen-
states |ψ±ij〉, respectively. Thus, either ψ is factorized,
i.e. there is only one non-vanishing Schmidt coefficient
(equal to 1), or all the eigenvalues of (|ψ〉〈ψ|)Γ have mod-
ulus strictly less than one. As regards realignment, we
have R(|ψ〉〈ψ|) = ∑ij µiµj |i〉〈i| ⊗ |j〉〈j|. For any pure
state ψ, thus, ‖(|ψ〉〈ψ|)ΓA‖1 = ‖R(|ψ〉〈ψ|)‖1 = (
∑
i µi)
2.
Therefore, both partial transposition and realignment de-
tect all pure entangled (bipartite) states.
C. Entanglement witnesses
It is well known that any bipartite entangled state ρAB
can be detected by means of a suitable entanglement wit-
ness [9, 29]: for every entangled state ρAB there exists an
observable W = WAB such that Tr(WρAB) < 0, while
Tr(Wσsep) ≥ 0 for all separable states σsep. It is clear
that a nontrivial entanglement witness, i.e. an observ-
able able to detect at least some entangled state, is not
positive semidefinite.
A witness is decomposable [30] if it can be written as
W = P +QΓ, with P,Q ≥ 0 positive semidefinite opera-
tors. To detect PPT entangled states a witness must be
nondecomposable. Indeed, Tr(Wρ) ≥ 0 for all PPT state
ρ and all decomposable witnesses W .
In [28, 31] the concept of Schmidt-number witness was
introduced. A (nontrivial) Schmidt-number k witness
W is an observable which is positive semidefinite with
respect to (mixed) states of Schmidt number k − 1, but
such that there exists a Schmidt-number k state ρ such
that Tr(Wρ) < 0. Notice that standard entanglement
witnesses correspond to Schmidt-number 2 witnesses.
Moreover, witnesses are able to distinguish between
different kinds of multipartite entanglement [32]. Indeed,
there always exists an observable whose expectation value
is able to discriminate between states in a convex subset
and a state outside it. Therefore, for any state ρ that is
(k + 1)-partite entangled there exists a witness W such
that Tr(Wρ) < 0 while Tr(Wσ) ≥ 0 for all states σ
that are at most k-partite entangled. Similarly, there is
always a witness which distinguishes a state that is not
k-separable from states that are so. In particular, for an
N -partite state that is N -partite entangled, there exists
a witness which tells it from biseparable states.
D. Maps and entanglement
A linear map Λ :Md →Md′ is: positive if Λ[X ] ≥ 0 for
all X ≥ 0; k-positive if idk ⊗ Λ is positive, with idk the
identity map onMk; completely positive if it is k-positive
for all k ≥ 1. It is remarkable that Λ : Md → Md′ is
completely positive if and only if it is d-positive [14].
Operators W in Mdd′ ∼= Md ⊗ Md′ are isomorphic
to linear maps Λ : Md → Md′, through the Choi-
4Jamio lkowski isomorphism [14, 15]:
W =WΛ = d(idd ⊗ Λ)[P+d ] (4)
Λ[X ] = ΛW [X ] = Tr1
(
(XT ⊗ 1)W ), (5)
where the trace in (5) is on the the first subsystem only,
and
P+d ≡ PΨ+
d
, |Ψ+d 〉 =
1√
d
∑
i
|i⊗ i〉 (6)
is the maximally entangled state for a d⊗d system, d ≥ 2.
In particular, (nontrivial) witnesses are isomorphic to
PnCP maps. An example of PnCP map is transposition,
that fails already to be 2-positive, and is associated to
V = d(idd ⊗ T )[P+d ], that is the swap operator: V |φ ⊗
χ〉 = |χ ⊗ φ〉. In the same way as there is always an
entanglement witness which detects a bipartite entangled
states ρAB, there is also a PnCP map Λ such that
(idA ⊗ ΛB)[ρAB] ≥ 0 (7)
is not satisfied [9].
Every nondecomposable witness is associated to a non-
decomposable map [30]. A map Λ is decomposable if it
can be written as Λ = ΛCP1 + Λ
CP
2 ◦ T , where ΛCP1(2) is
a completely positive map and ◦ stands for composition.
Indeed, Eq. (7) is satisfied for all PPT states and decom-
posable maps. Moreover, every (non-trivial) Schmidt-
number k witness is associated to a (k − 1)-positive but
not k-positive map [28, 31].
III. THE BASIC SET OF STATES
We start by considering a bipartite system with asso-
ciated Hilbert space HAB = HA ⊗HB, with
HA = HA1 ⊗HA2 , HB = HB1 ⊗HB2 (8)
and HAi = HBi = Cdi .
We focus on states
ρAB(ψ
(1), ψ(2)) = ρ1(ψ
(1))⊗ ρ2(ψ(2)), (9)
with
ρi(ψ
(i)) = ρAiBi = Ni(1− Pψ(i))AiBi , (10)
where Ni = 1/(d2i − 1) are normalization factors. Each
pure state |ψ(i)〉 ≡ |ψ(i)〉AiBi is given by
|ψ(i)〉 =
ri∑
j=1
µ
(i)
j |jAi ⊗ jBi〉, (11)
where (11) and ri are the corresponding Schmidt decom-
position and Schmidt number, respectively. The states
ρi(ψ
(i)) are Ai : Bi separable [33], thus ρAB(ψ
(1), ψ(2))
is A : B separable. The partial transposition of ρi(ψ
(i))
with respect to Ai is:
ρΓAi (ψ
(i)) = Ni(1− (|ψ(i)〉〈ψ(i)|)ΓA). (12)
From what we have seen about partial transposition of
pure states in Section II B, it is clear that ρΓAi (ψ
(i))
has full rank if and only if ψ(i) is entangled. It follows
that, if both ψ(1) and ψ(2) are entangled, ρΓAAB(ψ
(1), ψ(2))
is strictly positive. This implies that a change of
ρAB(ψ
(1), ψ(2)) small enough cannot spoil the positivity
of the partial transpose.
This leads us to define the class of states of interest
consisting of the convex combination (1). Such class has
already appeared in literature [18, 19], and it was proved
that some states in the class are entangled even if PPT,
by showing that they allow to perform tasks that are
impossible under LOCC. Here, in a different vein, we
will look for entanglement witnesses to prove that, for
almost all choices of entangled states ψ(1) and ψ(2), the
state ρp(ψ
(1), ψ(2)) is entangled as soon as p > 0. There-
fore, if p is chosen to be small enough, ρp(ψ
(1), ψ(2)) is
a PPT entangled state. We remark that if one of the
two states ψ(i) is separable, while the other is entangled,
then ρp(ψ
(1), ψ(2)) is always NPT; ρp(ψ
(1), ψ(2)) can be
made PPT entangled, for some choice of p > 0, only if
both pure states ψ(i) are entangled.
IV. CANONICAL WITNESS
We now construct a suitable entanglement witness. If
we complete ψ(i) to a basis {ψ(i)1 ≡ ψ(i), ψ(i)2 , . . . , ψ(i)d2i }
of Cd
2
i , for both i = 1, 2, we see that ρp(ψ
(1), ψ(2)) is
diagonal in the basis {ψ(1)i ⊗ ψ(2)j }:
ρp(ψ
(1), ψ(2)) =
d21∑
i=1
d22∑
j=1
pijPψ(1)i
⊗ P
ψ
(2)
j
(13)
with pij ≥ 0. Note that, since the tensor product struc-
ture is along the A1B1 : A2B2 cut, and not along the
A1A2 : B1B2 cut, the expression (13) is not related to
the A : B separability property given by (2). We will
consider witnesses diagonal in the same basis, i.e.
W =
d21∑
i=1
d22∑
j=1
wijPψ(1)i
⊗ P
ψ
(2)
j
, (14)
so that Tr
(
Wρp(ψ
(1), ψ(2))
)
=
∑
ij pijwij . Of course,
the operator (14) is not a trivial witness only if wij < 0
for some (i, j). In particular, if we define
Wǫ(ψ
(1), ψ(2)) = Pψ(1) ⊗ (1− Pψ(2))
+ (1− Pψ(1))⊗ Pψ(2)
− ǫPψ(1) ⊗ Pψ(2)
= Pψ(1) ⊗ 1+ 1⊗ Pψ(2)
− (2 + ǫ)Pψ(1) ⊗ Pψ(2) ,
(15)
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FIG. 1: Graphical representation of the choice of pij (white
and black) and wij (patterns) in (1) and (15), respec-
tively. White color corresponds to the separable part of
ρp(ψ
(1), ψ(2)), while the vertical and horizontal patterns cor-
respond to the positive part of the witness Wǫ(ψ
(1), ψ(2)).
Black color and the diagonal pattern stand for p11 = p > 0
and w11 = −ǫ < 0, respectively (see the main text for details).
with ǫ ≥ 0, we have
Tr(Wǫ(ψ
(1), ψ(2))ρp(ψ
(1), ψ(2))) = −pǫ. (16)
Indeed, ρp(ψ
(1), ψ(2)) and Wǫ(ψ
(1), ψ(2)) are diagonal in
the same basis and their supports are orthogonal except
for the unidimensional subspace spanned by ψ(1) ⊗ ψ(2).
A graphical representation of both the state and the wit-
ness decompositions (in terms of pij and wij) for the
choices (1) and (15) is given in Fig. 1.
We have to prove that, at least for some choices of
ψ(i), there exists ǫ > 0 such that Wǫ(ψ
(1), ψ(2)) is a non-
trivial entanglement witness. Indeed, as soon as ǫ > 0,
Wǫ(ψ
(1), ψ(2)) is not a positive semidefinite operator. We
proceed by finding the conditions for which it is positive
on separable states: 〈αA⊗βB|Wǫ(ψ(1), ψ(2))|αA⊗βB〉 ≥
0, for all factorized (not necessarily normalized) |αA ⊗
βB〉. Let us therefore consider vectors
|α〉 =
d1∑
i=1
d2∑
j=1
αij |iA1 ⊗ jA2〉
|β〉 =
d1∑
i=1
d2∑
j=1
βij |iB1 ⊗ jB2〉,
where α = [αij ], β = [βij ] are complex d1×d2 rectangular
matrices, and where we have taken the bases {|iAk〉},
{|iBk〉} in the Hilbert spacesHAk ,HBk , k = 1, 2 to be the
ones corresponding to the Schmidt decomposition (11) of
ψ(1) and ψ(2). We find
〈αA ⊗ βB|Wǫ(ψ(1), ψ(2))|αA ⊗ βB〉 =
Tr
(
(βTµ(1)α)†(βTµ(1)α)
)
+Tr
(
(αµ(2)βT )†(αµ(2)βT )
)
− (2 + ǫ)
∣∣∣Tr(αµ(2)βTµ(1)∣∣∣2, (17)
with µ(i) = (µ(i))† = (µ(i))T the positive diagonal matrix
of the Schmidt coefficients of ψ(i).
Let us consider a matrix orthonormal basis (o.n.b.) in
Md, i.e. a set of matrices {Fi}d2i=1 such that the matri-
ces are orthonormal with respect to the Hilbert-Schmidt
inner product: Tr(F †i Fj) = δij . For any matrix o.n.b.
{Fi} and any matrix X , we have X =
∑
iTr(F
†
i X)Fi,
and
∑
i |Tr(F †i X)|2 = Tr(X†X). As Tr(µ(i)
2
) = 1, each
µ(i) can be be considered as an element of a matrix o.n.b
in Mdi. Let us complete each G
(i)
1 = µ
(i) to an o.n.b.
{G(i)j }d
2
i
j=1. Then
∣∣∣Tr(αµ(2)βTµ(1))∣∣∣2 ≤ d
2
1∑
j=1
∣∣∣Tr(αµ(2)βTG(1)j )∣∣∣2
= Tr
(
(αµ(2)βT )†(αµ(2)βT )
)
,
(18a)
and, similarly,
∣∣∣Tr(βTµ(1)αµ(2))∣∣∣2 ≤ d
2
2∑
j=1
∣∣∣Tr(βTµ(1)αG(2)j )∣∣∣2
= Tr
(
(βTµ(1)α)†(βTµ(1)α)
)
.
(18b)
Inequalities (18) correspond to Pψ(1) ⊗ Pψ(2) ≤ 1⊗ Pψ(2)
and Pψ(1) ⊗ Pψ(2) ≤ Pψ(1) ⊗ 1, respectively. Yet having
cast them in the form (18) allows us to argue about the
necessary and sufficient conditions on ψ(1) and ψ(2) to
have a non-trivial witness Wǫ(ψ
(1), ψ(2)), i.e. to have
ǫ > 0.
Positivity on factorized states imposes ǫ = 0 if and only
if there are matrices α and β such that the inequalities
(18) are both saturated at the same time, i.e. both sums
in (18) reduce to just the first term, and this term does
not vanish. Indeed, under these conditions, (17) is equal
to −ǫ
∣∣∣Tr(αµ(2)βTµ(1)∣∣∣2 and strictly negative as soon as
ǫ > 0. The two sums reduce to the first term if and only
if there are α and β such that [34]
αµ(2)βT = µ(1) = G
(1)
1 , β
Tµ(1)α = cµ(2) = cG
(2)
1 ,
(19)
where c is a complex constant of proportionality. Only
in this case, in fact, αµ(2)βT and βTµ(1)α are orthogonal
to all the other elements of the two matrix o.n.b.. If
condition (19) is satisfied, the first two terms on the right
side of (17) must be equal. Thus one finds |c| = 1 and
finally, taking into account Hermiticity and positivity of
µ(i), one obtains c = 1.
We have reduced the problem of determining the ex-
istence of a non-trivial witness of the form (15), to that
of verifying whether, for given states ψ(1) and ψ(2), there
exist matrices α and β which solve the system of matrix
6equations
αµ(2)βT = µ(1) (20a)
βTµ(1)α = µ(2). (20b)
First, we notice that this is possible only if µ(2) and µ(1)
have the same rank, i.e. only if the states ψ(1) and ψ(2)
have the same Schmidt number r = r1 = r2. It is suf-
ficient to focus on this case. We further observe that
w.l.o.g. we can consider the r non-vanishing Schmidt co-
efficients of ψ(i) to appear in the first r diagonal entries
of µ(i), for i = 1, 2. Therefore, we can consider all the
matrices entering (20) to be r × r square matrices, even
if the initial dimensions d1 and d2 were different. More-
over, they are all invertible, since we are considering the
case the rank of both Schmidt coefficient matrices µ(i)
is r. We can therefore rewrite (20) as µ(2)βT = α−1µ(1)
and βTµ(1) = µ(2)α−1. Taking into account that both
matrices µ(i) are diagonal and strictly positive (i.e. all
the r Schmidt coefficients are not null), we arrive at the
following relations:
(α−1)ij =
µ
(2)
i
µ
(1)
j
βji, (21a)
βji(µ
(1)
j )
2 = βji(µ
(2)
i )
2. (21b)
From (21a), we have that if βji = 0 then also (α
−1)ij = 0;
from (21b) we find that, if βji 6= 0, then µ(1)j = µ(2)i and
therefore, from (21a), (α−1)ij = βji. In conclusion, we
have α−1 = βT . Therefore, a solution to equations (20)
exists only if µ(1) and µ(2) are connected by a similarity
transformation
αµ(2)α−1 = µ(1), (22)
and have the same eigenvalues. In such case, we have
that (17) reduces to −ǫTr((µ(i))2) = −ǫ, so that we must
choose ǫ = 0 to have positivity on separable states.
We have shown that the witness Wǫ(ψ
(1), ψ(2)) de-
fined in (15) can always be chosen to be non-trivial, i.e.
with ǫ > 0, except in the case ψ(1) and ψ(2) have es-
sentially the same Schmidt decomposition. Notice that
w.l.o.g. we can consider the Schmidt coefficients to be
ordered as µ
(i)
k ≥ µ(i)k+1, for i = 1, 2. Thus, we have al-
ways a witness except in the case µ(1) = µ(2) (indeed,
the similarity transformation (22) is actually a permuta-
tion). Correspondingly, we have proved that, for almost
all pairs of pure entangled states ψ(i), i = 1, 2, the state
ρp(ψ
(1), ψ(2)) is entangled as soon as p > 0.
V. PARTIAL TRANSPOSITION AND
REALIGNMENT
Let us now consider more in detail the behavior of
the class of states ρp(ψ
(1), ψ(2)) under the operations of
partial transposition and realignment [35]. Partial trans-
position for such states has already been studied in [18].
For completeness, we reproduce here those results, and
we extend the analysis by comparing the entanglement
detection power of partial transposition and realignment.
Moreover, we observe that no element in the class is a
candidate to be an NPT bound state, i.e. as soon as the
states are NPT, they are provably distillable.
As regards PT, we have that the eigenvalues of
ρΓAp (ψ
(1), ψ(2)) are (1 − p)N1N2(1 − λ(1))(1 − λ(2)) +
pλ(1)λ(2), where the λ(i)s run over eigenvalues of
(|ψ(i)〉〈ψ(i)|)Γ, i = 1, 2. Let us recall that a state
ρAB is distillable if and only if there exist a number
of copies n and a Schmidt rank 2 state φ2 such that
〈φ2|(ρΓA)⊗n|φ2〉 < 0 [36]. It is easy to see that the mini-
mum eigenvalue of ρΓAp (ψ
(1), ψ(2)) is of the form
(1− p)N1N2(1− (µ(i)k )2)(1 + µ(j)m µ(j)n )− p(µ(i)k )2µ(j)m µ(j)n ,
(23)
withm 6= n and (i, j) ∈ {(1, 2), (2, 1)}, i.e. it corresponds
to a Schmidt rank 2 eigenvector |kAikBi〉 ⊗ |ψ−mn〉AjBj .
Therefore, as soon as the state is NPT, we prove that it is
also distillable by considering n = 1 and taking as φ2 the
eigenvector corresponding to the minimal negative eigen-
value. On the other hand, by choosing p small enough, it
always possible to make the smallest eigenvalue positive,
if the first term in (23) is not null, i.e. if both states ψ(i)
are entangled. More precisely, it can be shown [18] that
the necessary and sufficient condition for the state to be
PPT is
p
(1 − p)N1N2 ≤ min
{ (1− (µ(1)1 )2)(1 + µ(2)1 µ(2)2 )
(µ
(1)
1 )
2µ
(2)
1 µ
(2)
2
,
(1− (µ(2)1 )2)(1 + µ(1)1 µ(1)2 )
(µ
(2)
1 )
2µ
(1)
1 µ
(1)
2
}
.
(24)
In particular, to calculate the smallest eigenvalue of the
partially-transposed state, it is sufficient to consider only
the two biggest Schmidt coefficients of ψ(1) and ψ(2).
We will denote by pΓ the largest value of p for which
ρp(ψ
(1), ψ(2)) is PPT. In Fig. 2 we plot the dependence
of pΓ on the Schmidt coefficients of the two pure states in
the case d1 = d2 = 2 (i.e. when ρp(ψ
(1), ψ(2)) is a state
of four qubits).
The condition to determine when the realignment cri-
terion detects entanglement is not trivial to handle ana-
lytically. Thus, we will restrict ourselves to the case in
which the two pure states ψ(1) and ψ(2) are maximally
entangled. In this case, we have
R(ρp(Ψ
+
d1
,Ψ+d2)) = (1− p)N1N2
(
d1∑
i=1
|ii〉〈jj| − 1
d1
)
⊗

 d2∑
i,j=1
|ii〉〈jj| − 1
d2

+ p 1
d1d2
.
(25)
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FIG. 2: Dependence of the threshold probability pΓ on ψ
(2)
for fixed choices of ψ(1) in the case d1 = d2 = 2. The state
ρp(ψ
(1), ψ(2)) is entangled for all choices of µ
(1)
1 6= µ(2)1 ; when
0 ≤ p < pΓ the state is PPT, while it is NPT if pΓ < p ≤ 1.
The point in which the minimum on the right hand side of
(24) changes from one element to the other is clear from the
sharp change in the behavior of the curve, and it coincides
with the point µ
(1)
1 = µ
(2)
1 (note that, for such point, with the
methods introduced in this work we are not able to say that
the state ρp(ψ
(1), ψ(2)) is entangled when PPT (see main text
and Table I). As expectable, the threshold value of pΓ goes
to 0 as one of the two states becomes less entangled.
The condition ‖R(ρp(Ψ+d1 ,Ψ+d2))‖ > 1 is thus satisfied
only for p > d1d2−2
d21(d
2
2−2)
, where we have assumed w.l.o.g.
d2 ≥ d1. Note that this value is always greater than pΓ =
1
1+(d1+1)(d2−1)
: thus, in the case in which the pure states
ψ(1) and ψ(2) are maximally entangled, realignment is
always less sensitive than PT.
In Section VI we will provide analytical examples of
states, which have a structure similar (see Eq. (26)) to
that of ρp(ψ
(1), ψ(2)), detected as entangled by realign-
ment but not by partial transposition. In Fig. 3 we
show that realignment and partial transposition are in-
equivalent (i.e., there are entangled states detected by
one criterion but not by the other one) also in the class
ρp(ψ
(1), ψ(2)). The plot of Fig. 3 is relevant also for an-
other reason: it shows that also states for which it is not
possible to construct a non-trivial witness Wǫ(ψ
(1), ψ(2))
(i.e., states for which µ(1) = µ(2)) may be entangled.
For the sake of clarity, in Table I we summarize the
relation between the entanglement properties of the two
pure states ψ(1), ψ(2), and those of ρp(ψ
(1), ψ(2)).
VI. GENERALIZATION TO MORE THAN TWO
STATES ψ(i)
It is possible to straightforwardly generalize the con-
struction of the states ρp(ψ
(1), ψ(2)) to the case in which
one considers more than two pure states ψ(i).
Given a set of states {ψ(i)}Mi=1 and a probability p, we
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FIG. 3: Comparison of the detection power of realignment
and partial transposition in the d1 = d2 = 2 case. We
take ψ(1) = ψ(2) = ψ, where ψ is a pure (entangled) state
of two qubits, characterized by its larger Schmidt coefficient
µ1. We consider ‖R(ρAB)‖1, for ρAB = ρpΓ(ψ,ψ), i.e. for
the state at the border of PPT states. For most of the range
1/
√
2 ≤ µ1 ≤ 1 partial transposition is more sensitive than
realignment, i.e. ‖R(ρAB)‖1 < 1 even if a slight change of p
makes the state NPT entangled. Anyway the plot shows that
realignment is more sensitive than partial transposition for ψ
almost maximally entangled, i.e ‖R(ρAB)‖1 > 1 even if the
state is PPT.
ψ(1), ψ(2) ρp(ψ
(1), ψ(2))
both separable separable for all 0 ≤ p ≤ 1
one entangled NPT entangled for all 0 ≤ p ≤ 1
both entangled
µ(1) 6= µ(2): PPT entangled for 0 < p < pΓ
µ(1) = µ(2): no general statement
TABLE I: Relation between the entanglement properties of
the two pure states ψ(1), ψ(2), and those of ρp(ψ
(1), ψ(2)).
When both ψ(1), ψ(2) are entangled, and do not have the
same Schmidt coefficients (i.e., they are not equivalent up
to local unitaries), ρp(ψ
(1), ψ(2)) is PPT entangled in the in-
terval 0 < p < pΓ. If both the pure states are entangled, but
µ(1) = µ(2), the techniques (witnesses) adopted in this work
do not help. There are choices of ψ(1), ψ(2) such that the
mixed state ρp(ψ
(1), ψ(2)) is separable as soon as, decreasing
p, it is PPT (see Section VI), as well as other choices such
that the corresponding mixed states can be PPT entangled
(see Fig. 3).
define:
ρp({ψ(i)}) = (1− p)
M⊗
i=1
1− Pψ(i)
d2i − 1
+ p
M⊗
i=1
Pψ(i) . (26)
To prove that for M ≥ 3 the state is entangled for p > 0
as soon as one of the ψ(i) is entangled, it is sufficient to
use the class of witnesses we studied for M = 2.
Indeed, for M ≥ 3 it is always possible to split any
set of natural numbers {r(i)}Mi=1 into two non-empty dis-
joint sets, which w.l.o.g can be indicated as {r(i)}mi=1 and
{r(i)}Mi=m+1, and such that
∏m
i=1 r
(i) 6=∏Mi=m+1 r(i). Let
us consider the case in which the numbers {r(i)}Mi=1 are
8the Schmidt ranks of the states in {ψ(i)}Mi=1. For the
sake of testing entanglement, it is possible to consider
two states |ψ˜(1)〉 =⊗mi=1 ψ(i) and |ψ˜(2)〉 =⊗Mi=m+1 ψ(i)
of different Schmidt rank (which is a multiplicative quan-
tity under tensoring). Thus, if at least one state ψ(i)
is entangled, we can construct a non-trivial entangle-
ment witness Wǫ(ψ˜
(1), ψ˜(2)), ǫ > 0, as in (15) such that
Tr(ρp({ψ(i)}Wǫ(ψ˜(1), ψ˜(2))) = −pǫ. Notice that, if all
states ψ(i) are separable, then also ρp({ψ(i)}) is separa-
ble, i.e. there is no entanglement to be detected.
Similarly to the case M = 2, it is possible to prove
that the smallest eigenvalue of a state (26) corresponds
to a Schmidt rank 2 eigenvector, so that as soon as the
state is NPT we know also it is distillable. Moreover, it
is possible to find a p > 0, such that the state ρp({ψ(i)})
is PPT entangled, if and only if the states {ψ(i)}Mi=1 are
all entangled.
A. Maximally entangled pure states ψ(i)
We now focus on a even more specific class of states.
Recalling the definition (6) of maximally entangled state
P+d , we define the states
ρp(d1, . . . , dM ) = (1− p)
M⊗
i=1
1− P+di
d2i − 1
+ p
M⊗
i=1
P+di . (27)
Compare them to the isotropic states for a d⊗ d system:
ρp(d) = (1 − p) (1− P
+
d )
d2 − 1 + pP
+
d . (28)
Isotropic states can be considered a subclass of the class
of states we are studying, with M = 1. It is remarkable
that isotropic states ρp(d) are either distillable or separa-
ble: no phenomenon of bound entanglement (either PPT
or NPT – if existing) is present in such class, while it is
sufficient to go to M = 2 to have it.
It is worth noticing that ρp(d, d) is separable for all
values of p for which it is PPT, i.e for 0 ≤ p ≤ 1/d2 [37],
and indeed we are not able to construct a witness of the
form (15) for it, since in this case ψ(1) and ψ(2) have the
same Schmidt coefficients – they are equal. On the other
hand, a witness as in (15) exists for ρp(d1, d2) in the case
d2 > d1 ≥ 2.
As regards the sensitivity of partial transposition, for
ρp(d1, . . . , dM ) we have
pΓ =
1
1 + (dM − 1)
∏M−1
i=1 (di + 1)
,
taking w.l.o.g. d1 ≤ d2 ≤ . . . ≤ dM . We have seen
that, if M = 2 and we consider the case in which both
pure states ψ(i) are maximally entangled in dimension
di, PT is always more sensitive than realignment. To
study the more general caseM > 2, we restrict ourselves,
for simplicity, to the case in which all the dimensions di
coincide (di = d ≥ 2) and ψ(i) = Ψ+d for all i = 1, . . .M :
ρp(d;M) ≡ ρp(d, d, . . . , d︸ ︷︷ ︸
M times
). (29)
In this case we have that ρp(d;M) is PPT for p ≤ pΓ =
1
1+(d−1)(d+1)M−1 . As regards realignment, we have
‖R(ρp(d;M))‖1 = 1
dM
M∑
j=0
(
M
j
)
|1−p−p(1−d2)j | . (30)
While it is not trivial to find an analytical solution in p
of the inequality ‖R(ρp(d;M))‖1 ≤ 1, it is possible to see
that there are cases in which the realignment criterion is
more sensitive than PT. Indeed, this happens for d = 2
and M ≥ 3 odd. To verify this, it is sufficient to plug in
(30) the corresponding value of pΓ, i.e. p = pΓ =
1
1+3M−1 .
By definition, for such value of p the state is PPT and
the condition ‖R(ρpΓ(d;M))‖1 > 1 is satisfied for all odd
values of M ≥ 3, while ‖R(ρpΓ(d;M))‖1 = 1 for M = 1
and M even. Numerical results indicate that d = 2 and
M ≥ 3 odd is the only case in which realignment detects
PPT entangled states of the form ρp(d;M), but we could
not verify this analytically.
VII. MORE ON WITNESSES
We proceed now to some remarks as regards the wit-
nesses we analyzed.
A. Simplified witnesses
We have seen that the necessary and sufficient
condition to have a non-trivial entanglement witness
Wǫ(ψ
(1), ψ(2)), with ǫ > 0, is that the states ψ(i) have
different Schmidt coefficients. When the Schmidt ranks
of states ψ(i) are different, i.e. w.l.o.g. r1 < r2, it is possi-
ble to detect the entanglement of ρp(ψ
(1), ψ(2)) by means
of a witness with a structure even simpler than that of
Wǫ(ψ
(1), ψ(2)). In such a case, in fact, it is possible to
consider non trivial (ǫ > 0) witnesses of the form
W˜ǫ(ψ
(1), ψ(2)) = Pψ(1) ⊗ (1− (1 + ǫ)Pψ(2))
= Pψ(1) ⊗ 1− (1 + ǫ)Pψ(1) ⊗ Pψ(2) .
(31)
For this choice,
〈αA ⊗ βB|W˜ǫ(ψ(1), ψ(2))|αA ⊗ βB〉 =
Tr
(
(βTµ(1)α)†(βTµ(1)α)
)
−(1+ǫ)
∣∣∣Tr(µ(2)βTµ(1)α)∣∣∣2.
(32)
Following the same reasoning we used for Wǫ(ψ
(1), ψ(2)),
we see that the quantity (32) can be made negative for
9any ǫ > 0 if and only if (w.l.o.g) there exist α and β such
that
µ(2) = βTµ(1)α.
This is possible if and only if the rank of µ(1) is greater
than that of µ(2).
We may better understand this result by considering
that
W˜ǫ(ψ
(1), ψ(2))
= (Pψ(1) ⊗ 1) ◦
(
1⊗ (1− (1 + ǫ)Pψ(2))) ◦ (Pψ(1) ⊗ 1)
(33)
and that
(Pψ(1) ⊗ 1)|αA ⊗ βB〉 = |ψ(1)〉 ⊗ |γ〉, (34)
with |γ〉 =∑i µ(1)i (∑l αil|l〉)⊗(∑k βik|k〉). It is clear
that, by the right choice of α and β, γ – though in general
not normalized – can be made proportional to any state
whose Schmidt rank is not greater than the one of ψ(1).
In particular, if ψ(2) has the same Schmidt rank that ψ(1)
has, it is possible to choose α and β such that
〈αβ|W˜ǫ(ψ(1), ψ(2))|αβ〉 = −ǫ|c|2,
with |γ〉 = c|ψ(2)〉 and |c| > 0. Therefore, in this case,
W˜ is positive on separable states if and only if ǫ = 0.
Notice that in Section VI, when analyzing the multi-
state case for M ≥ 3, we argued that as soon as one
state ψ(i) is entangled, it is possible to consider two states
|ψ˜(j)〉, j = 1, 2 of different rank obtained from ψ(i)s by
tensoring. It is therefore clear that for M ≥ 3, as soon
as the problem is not trivial (i.e. not all the states ψ(i)
are factorized), it is always possible to consider a witness
W˜ǫ(ψ˜
(1), ψ˜(2)) of the form (31).
B. Canonical witnesses for ρp({ψ(i)})
Both for W = Wǫ(ψ
(1), ψ(2)) (Eq. (15)) and
W = W˜ǫ(ψ
(1), ψ(2)) (Eq. (31)), we have not only
Tr(Wρ0(ψ
(1), ψ(2))) = 0, but, more strongly,
Wρ0(ψ
(1), ψ(2)) = ρ0(ψ
(1), ψ(2))W = 0,
i.e. the witnesses [38] are orthogonal to the separa-
ble part – which corresponds to ρ0(ψ
(1), ψ(2)) – of a
state ρp(ψ
(1), ψ(2)). Indeed, we have W˜ǫ(ψ
(1), ψ(2)) ≤
Wǫ(ψ
(1), ψ(2)) (compare (15) and (31)) and
Wǫ(ψ
(1), ψ(2)) = 1− (1− Pψ(1))⊗ (1− Pψ(2))
− ǫPψ(1) ⊗ Pψ(2) .
Moreover, ρ0(ψ
(1), ψ(2)) is exactly defined as the state
corresponding (via normalization) to the projector (1 −
Pψ(1))⊗ (1− Pψ(2)).
In the case ofM ≥ 3 states ψ(i), we argued (see Section
VI, paragraph following Eq. (26)) that, as soon as one
state ψ(i) is entangled, there exists a non-trivial entan-
glement witness of the form Wǫ(ψ˜
(1), ψ˜(2)) which detects
the entanglement of ρp({ψ(i)}). The states ψ˜(i), i = 1, 2
were taken to be tensor products of two disjoint subsets
of {ψ(i)}, so that |ψ˜(1)〉 ⊗ |ψ˜(2)〉 = ⊗Mi=1 |ψ(i)〉. We can
instead consider a witness of the form
Wǫ({ψ(i)}) = 1−
M⊗
i=1
(1− Pψ(i))
− ǫ
M⊗
i=1
Pψ(i) .
(35)
We have Wǫ({ψ(i)}) ≥ Wǫ(ψ˜(1), ψ˜(2)), but Wǫ({ψ(i)})
has the same expectation value −ǫp with respect to the
states ρp({ψ(i)}). Moreover, it can be considered as a
modification of the projector onto the subspace orthog-
onal to the support of the separable part ρ0({ψ(i)}) of
the state, with the modification −ǫ⊗Mi=1 Pψ(i) tailored
to “intercept” the entangled part of the state. Notice
that the witness Wǫ({ψ(i)}) depends only on ǫ and on
the set {ψ(i)}, not on the choice of two subsets of {ψ(i)},
unlike Wǫ(ψ˜
(1), ψ˜(2)).
VIII. MULTIPARTITE CASE
Now we consider the multipartite case, i.e. the states
ψ(i), i =, 1 . . . ,M , are states of N parties. From the
results presented in Section V, we know that the state
ρp({ψ(i)}) can be made PPT, with respect to a given
bipartite cut S1 : S2, for some strictly positive p only if
all the states ψ(i) are entangled with respect to that cut.
Therefore, for this to happen for any possible bipartite
cut, all the states ψ(i) must be N -partite entangled.
As regards witnesses, we are able to provide a non-
trivial (i.e. not positive semidefinite) witness which de-
tects bipartite S1 : S2 entanglement, if (i) M = 2 and
the states ψ(1) and ψ(1) have different Schmidt coeffi-
cients with respect to the cut, or (ii) M ≥ 3 and at least
one state ψ(i) is entangled with respect to the cut. As we
discussed in Section VIIB, it is always possible to con-
sider witnessesWǫ({ψ(i)}) of the form (35), for every cut.
In the construction of such witnesses, the only parameter
dependent from the cut is ǫ. If, for a given cut, one of the
just mentioned conditions (i) and (ii) is valid, then it is
possible to take ǫ > 0 and detect bipartite entanglement
by means of the corresponding witness. Let us consider
ǫ˜ = min
S1:S2
max{ ǫ | 〈αS1 ⊗ βS2 |Wǫ({ψ(i)})|αS1 ⊗ βS2〉 ≥ 0}.
If ǫ˜ > 0, then Wǫ˜({ψ(i)}) is a nontrivial witness for gen-
uine multipartite entanglement. Thus, we get immedi-
ately that ρp({ψ(i)}) is N -partite entangled for every
p > 0, since its entanglement is detected by a witness
which is positive with respect to all biseparable states.
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Thus, it is possible to decide to construct a state which
is PPT with respect to some desired bipartitions, and
NPT with respect to the remaining ones. To do so, it
is sufficient to choose opportunely the states {ψ(i)} and
p. Indeed, the mixed state is NPT with respect to a
bipartition S1 : S2 for all p > 0 if and only if there is
a state ψ
(i)
i which is S1 : S2 separable. If the states
satisfy (i) or (ii) for every cut, the mixed state ρp({ψ(i)})
for sure contains N -partite entanglement (for p > 0),
because there is a witness which detects it.
IX. TENSOR-LIKE WITNESSES, k-POSITIVE
MAPS AND NONDECOMPOSABILITY
Building upon the considerations of Section VIIA,
we discuss here the possibility of obtaining non-
decomposable witnesses able to detect PPT bound en-
tangled states, by composing through tensor product a
decomposable witness (unable to detect PPT bound en-
tanglement) with a positive operator (w.l.o.g. a state).
Lemma III.1 of [39] says that, if a state σ onHA1⊗HB1
has Schmidt number k, and η is an operator onHA2⊗HB2
which is positive with respect to states of Schmidt num-
ber kl, then σ ⊗ η is positive with respect to states τ on
HA ⊗ HB of Schmidt number l, i.e. Tr
(
(σ ⊗ η)τ) ≥ 0.
The proof of such Lemma [39] is a generalization of the
reasoning we have adopted in Section VII A. In partic-
ular, it is sufficient to consider the case σ = |φ〉〈φ| and
τ = |ψ〉〈ψ|, and notice that
Tr
(|ψ〉〈ψ|(|φ〉〈φ| ⊗ η)) = Tr2 (Tr1 (|ψ〉〈ψ|(|φ〉〈φ| ⊗ 1))η)
= 〈γ|η|γ〉,
with (|φ〉〈φ| ⊗ 1)|ψ〉 = |φ〉 ⊗ |γ〉. Considering that ψ has
Schmidt rank l, and that the action of (|φ〉〈φ| ⊗ 1) on
a separable states can create at most a state of Schmidt
rank k (see (34)), we conclude that the state γ has at
most Schmidt rank kl. Note that γ is not normalized, in
general.
We are interested in operators that are entanglement
witnesses, i.e. such that they are positive on separa-
ble states. We correspondingly take l = 1, and consider
a state σ = |φ〉〈φ| = Pφ of Schmidt number k and a
Schmidt-rank m witness W , with m ≥ k + 1. We com-
pose them to give an operator Pφ ⊗ W , which is then
positive on separable states by construction, according
to the Lemma III.1 of [39]. If (i) φ is entangled (i.e.
k ≥ 2) and (ii) ψW , of Schmidt rank strictly greater
than k, is such that 〈ψW |W |ψW 〉 < 0, then Pφ ⊗W is a
non-decomposable entanglement witness. Indeed, we can
consider p > 0 such that ρp(φ, ψW ) is PPT – both φ and
ψW are entangled – and have
Tr
(
Pφ ⊗Wρp(φ, ψW )
)
= p〈ψW |W |ψW 〉 < 0.
With these considerations and exploiting the Choi-
Jamio lkowski isomorphism, it is immediate to state a
theorem relating the properties of k-positivity, complete
positivity and decomposability of maps.
Theorem 1. A linear map Λ which is k-positive, k ≥ 2,
is completely positive if and only if idk ⊗ Λ is decompos-
able.
Proof. The only if part is trivial: if Λ is CP, then idk⊗Λ
is trivially decomposable – it is CP itself. To prove the
if part, let us suppose that Λ is not CP and show that
idk⊗Λ is nondecomposable. Indeed, if Λ is not CP, then,
even though the corresponding witnessWΛ is positive on
Schmidt rank k states [28, 31], there exists a Schmidt
rank m state ψWΛ , m > k, such that 〈ψWΛ |WΛ|ψWΛ〉 <
0. Thus, as remarked before, the witness P+k ⊗ W is
nondecomposable and the same holds for its isomorphic
map idk ⊗ Λ.
Notice that in the theorem we could have used idl⊗Λ,
with any 2 ≤ l ≤ k, instead of idk ⊗ Λ.
The results just exposed imply that, for k ≥ 2, as
soon as we know that a PnCP map Λ is k-positive or
that a non-positive witness W is positive on Schmidt-
number k states, we know that, for example, idk⊗Λ and
P+k ⊗W are respectively a positive nondecomposable map
and a nondecomposable witness, without caring about
the decomposability of Λ or W .
We provide now a simple example illustrating how to
pass from provably decomposable witnesses to nonde-
composable witnesses through tensoring. Obviously, the
example could be recast immediately in terms of maps.
Let us consider witnesses of the form
Wǫ(ψ) = 1− (1 + ǫ)|ψ〉〈ψ|.
If we consider expectation values with respect to pure
states we obtain
〈ϕ|Wǫ(ψ)|ϕ〉 = 1− (1 + ǫ)|〈ψ|ϕ〉|2.
Suppose ψ has Schmidt rank r and Schmidt decompo-
sition |ψ〉 = ∑ri=1 µi|ii〉. It can be proved by Lagrange
multipliers that
max
{ϕ s.t. SR(φ)≤k}
|〈ψ|ϕ〉|2 =
k∑
i=1
µ2i ,
where the maximum is taken with respect to states ϕ
which have at most Schmidt rank k ≤ r, and the Schmidt
coefficients of ψ are ordered as µi ≥ µi+1. Thus, if
we want the witness Wǫ(ψ) to be positive on states of
Schmidt rank k, we must have
ǫ ≤ 1−
∑k
i=1 µ
2
i∑k
i=1 µ
2
i
.
Notice that if k = r we must put ǫ = 0. Correspondingly,
for k < r (in the case r ≥ 2), let us define the Schmidt
number k + 1 witness
Wk(ψ) = 1− 1∑k
i=1 µ
2
i
|ψ〉〈ψ|.
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Among Wk(ψ)’s, for fixed ψ, the witness able to de-
tect the largest number of entangled states is of course
W1(ψ). Yet, W1(ψ) cannot detect any PPT bound en-
tangled state, as we now prove.
Every pure state ψ in Cd ⊗ Cd can be written as
|ψ〉 = √d(A ⊗ 1)|Ψ+d 〉, with Tr(A†A) = 1. The Schmidt
coefficients of ψ are given by the singular values of A.
In particular, for the largest Schmidt coefficient we have
µ1 = ‖A‖∞ =
√‖AA†‖∞, where ‖X‖∞ is the operator
norm of X . We have (|ψ〉〈ψ|)Γ = A⊗ 1V A† ⊗ 1, with V
the swap operator. Notice that V ≤ 1.
The witness W1(ψ), does not detect a state ρ as en-
tangled if and only if 〈ψ|ρ|ψ〉 ≤ µ21. If ρ = ρAB is PPT,
ρ˜ = ρΓ is a normalized state and
〈ψ|ρ|ψ〉 = Tr(ρΓ(|ψ〉〈ψ|)Γ)
= Tr(ρ˜(A⊗ 1)V (A† ⊗ 1))
≤ Tr(ρ˜(AA† ⊗ 1))
= Tr(ρ˜AAA
†)
≤ max
φ
〈φ|AA†|φ〉
= µ21,
(36)
where ρ˜A = TrB(ρ˜). A straightforward proof can also be
obtained by considering that the reduction criterion [7]
is weaker than the PT criterion. Thus, for every PPT
state ρ = ρAB we have ρ ≤ ρA⊗1. For the state ψ under
consideration:
〈ψ|ρ|ψ〉 ≤ 〈ψ|ρA ⊗ 1|ψ〉 = Tr(ρAAA†) ≤ µ21.
Witnesses Wk(ψ), N ≥ 2 are even worse in detecting
PPT entangled states. Yet, for every 2 ≤ k ≤ r − 1, and
for any state φ with Schmidt rank 2 ≤ l ≤ k, Pφ⊗Wk(ψ)
is a nondecomposable entanglement witness.
X. CONCLUSIONS
We have been able to prove that any state ρp({ψ(i)}) is
entangled as soon as p > 0, for any set {ψ(i)}Mi=1, when at
least one state ψ(i) is entangled, except in the case with
only two pure states ψ(i) with the same Schmidt coef-
ficients. In the latter case the state could be entangled
as well, but an entanglement witness different from (15)
would be required to prove it.
The structure of the states ρp({ψ(i)}) is very simple:
all the entanglement appears to be concentrated in an
eigenvector of the mixed state, while the separable part,
in the suitable region of parameters, plays the role of a
“cover”, which prevents the detection by partial trans-
position (and hence distillation). We remark the resem-
blance of the class of states with isotropic states, most
evident when considering the special case of maximally
entangled pure states {ψ(i) = Ψ+di}. Indeed, isotropic
states were involved in the analysis which signed the first
appearance of the class of states ρp(ψ
(1), ψ(2)) in litera-
ture [18].
Our analysis differs from the one appearing in [18]
and [19], because we focus on the properties of the states,
rather than on what they allow to do, and we construct
witnesses to detect entanglement both in the bipartite
and multipartite settings. Moreover, we generalize the
states to the case of the possible choice of many pure
states, i.e. from the states ρp(ψ
(1), ψ(2)) to the states
ρp({ψ(i)}). It is clear that the states ρp({ψ(i)}) can be
modified, both in their separable and entangled parts,
to provide larger classes of PPT entangled states. In-
deed, the key point toward the construction of PPT en-
tangled states, is that the separable part of ρp({ψ(i)})
is not only positive semidefinite under partial transpo-
sition, but strictly positive, so that slightly changing it
does not affect the positivity condition. For example, us-
ing states similar to the ones studied in this paper, it is
possible to prove that many of the positive maps that
were conjectured to be nondecomposable in [24], are ac-
tually so [40]. One remarkable property of the structure
(26) is that states ρp({ψ(i)}) are completely characterized
by a set of pure states {ψ(i)} and a mixing parameter p.
Moreover, they are separable for p = 0 and entangled
– for almost any choice of {ψ(i)} with at least one ψ(i)
entangled – for p > 0. We hope that the variety of pa-
rameters at disposal through the choice of the set of pure
states {ψ(i)} (and of the mixing parameter p), could lead
to the study of interesting cases/effects both in the bipar-
tite and in multipartite setting. Moreover, the simplicity
of the structure of this class of states suggests that they
might be used to offer the first experimental verification
of the existence, and properties, of bound entanglement.
Preliminary studies of the robustness of these states un-
der the action of noise, for some proper choice of the two
pure states ψ(1) and ψ(2), confirms the fact that exper-
imental construction of these states should be possible
with current technology. A detailed analysis of the noise
tolerance of the states ρp, together with a study of the
possible experimental realization of these states will be
presented elsewhere.
Notice that all the results regarding witnesses can be
directly translated into results regarding maps through
the Choi-Jamio lkowski isomorphism, so that in this paper
we provide many examples of nondecomposable maps,
useful to detect the entanglement of PPT states. More-
over, through the analysis of states ρp({ψ(i)}) and of the
corresponding witnesses, we could provide a relationship
among the properties of k-positivity, complete positiv-
ity and decomposability: any map that is k-positive, for
k ≥ 2, but not completely positive, can be extended to
a nondecomposable map. Thus, it seems that further
analysis of the property of k-positivity could not only be
useful to study the Schmidt-number property of states,
following [28], but the entanglement property itself.
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